MORITA BASE CHANGE IN HOPF-CYCLIC (CO)HOMOLOGY 



LAIACHI EL KAOUTIT AND NIELS KOWALZIG 

Abstract. In this paper we establish the invariance of cyclic (co)homology of left Hopf algebroids 
under the change of Morita equivalent base algebras. The classical result on Morita invariance for cyclic 
homology of associative algebras appeal's as a special example of this theory. In our main application 
we consider the Morita equivalence between the algebra of complex-valued smooth functions on the 
classical 2-torus and the coordinate algebra of the noncommutative 2-toms. We then construct a Morita 
base change (4 x 4)-matrix left Hopf algebroid over the noncommutative 2-torus and show that its cyclic 
(co)homology can be computed by means of the homology of the Lie algebroid of vector fields over the 
classical 2-torus. 



I. Introduction 

The concept of left Hopf algebroids provides a natural framework for unifying and extending clas- 
sical constructions in homological algebra. Group, Groupoid, Lie algebra, Lie algebroid and Poisson, 
Hochschild and cyclic homology for associative algebras, as well as Hopf-cyclic homology for Hopf 
algebras, are all special cases of the cyclic homology of left Hopf algebroids since the rings over 
which these theories can be expressed as derived functors ai^e all left Hopf algebroids (see, for exam- 
ple, | |B§| ICMl ICrTl iKowl iKowfel IKowPoH for more details). 

As for every (co)homology theory it is an interesting issue to examine its behaviour under (any 
suitable notion of) Morita equivalence. Nevertheless, a satisfactory notion of Morita equivalence 
between two possibly noncommutative left Hopf algebroids is up to our knowledge far from being 
obvious. The difficulty comes out when, for instance, one tries to understand how the notion of 
Morita equivalence between two Lie algebroids, in the sense of IICr2[ IGU and others, can be reflected 
to their respective associated (universal) left Hopf algebroids in such a way that invariant properties, 
especially homological ones, between equivalent Lie algebroids remain invariant at the level of left 
Hopf algebroids. In the commutative case, that is, for commutative Hopf algebroids, several notions 
already exist in the literature, see, e.g., BHollHoStl . 

In this paper we restrict ourselves to the naive case of Morita base change left Hopf algebroids. That 
is, we study from a cyclic (co)homology point of view two Morita equivalent left Hopf algebroids of 
the form {R, U) ~ {S, U), where ~ S" are Morita equivalent base rings and tj is constructed 
from U. It is worth noticing that for the case of commutative Hopf algebroids or Hopf algebras, 
this notion is in some sense useless since it reduces to changing the base rings by an isomorphism. 
Nevertheless, this restriction is not far from some geometric applications since, for example, the alge- 
bra of smooth functions on a smooth manifold M. is Morita equivalent to the endomorphism algebra 
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of global smooth sections of a vector bundle on Ai. More precisely, one can start with a smooth 
vector bundle V ^ Ai and a Lie algebroid {Ai,£), then associate to them a Morita base change 

{C°°{M),Vr{£)) ~ (End(r(-P)),vr(j))), where {C'^{M),VT{S)) is the associated (universal) 
left Hopf algebroid attached to {A4,£), see Section 5. In the aim of illustrating our methods, we give 
an explicit application concerning the noncommutative 2-torus. 

A left Hopf algebroid (x/j-Hopf algebra) U is, roughly speaking, a Hopf algebra whose ground 
ring is not a commutative ring k but a possibly noncommutative k-algebra R, see IIB2[ ISch2l ITIL 
As k-bialgebras are underlying Hopf algebras, (left) i?-bialgebroids are the underlying structure of 
left Hopf algebroids. Morita base change for bialgebroids (following IISch4ll ) provides a possibility to 
produce new bialgebroids by replacing the base algebra Rby a. Morita equivalent base algebra S in 
such a way that the resulting i?-bialgebroid has a monoidal category of representations equivalent to 
that of the original i?-bialgebroid. More generally, the base algebra R can be replaced by a VMorita 
equivalent algebra 5, see [T2] : two algebras are VMorita equivalent if one has an equivalence of k- 
linear monoidal categories of bimodules /jeMod ~ geMod (R^ and are the enveloping k-algebras). 
Such an equivalence relation between two bialgebroids is weaker than to consider two bialgebroids 
to be equivalent if their monoidal categories of (co)representations are so. In particular, Morita base 
change establishes a relation between two bialgebroids in a w ay that is meaningless for ordinary 
k-bialgebras, as already said above. 

Apart from what we mentioned above, the importance of the notion of Morita base change moreover 
consists in unifying seemingly different concepts: for example, every weak C-bialgebra (which can 
be considered as bialgebroids IIB2I §3.2.2]) can be shown to be a face algebra (which are examples of 
bialgebroids as well HSchBII ) up to Morita base change IISch4[ §5.2]. Here we present no application 
in this direction, this will be left for a future project. 

Useful for our purposes is the fact that Morita base change equivalence carries over to the Hopf 
structure as well: An i?-bialgebroid is left Hopf if and only if its Morita base change equivalent 
5-bialgebroid is left Hopf as well IISch41 Prop. 4.6]. 

In this paper, we will consider the cyclic (co)homology for left Hopf algebroids from HKowKrl and 
confront it with the Morita base change theory from IISch4ll . Our aim is to give, in the spirit of BMcCII . 
the explicit chain morphisms and chain homotopies that establish equivalences of (co)cyclic modules 
between the original left Hopf algebroid and the Morita base change left Hopf algebroid U. As a 
consequence, we obtain our central theorem which we copy here, see the main text for the details and 
in particular the notation used: 

Theorem A. (Morita base change invariance of (Hopf-)cyclic (co)homology) Let {U,R) be a left 
Hopf algebroid, M a left U-comodule right U -module which is SaYD, and (R, S,P,Q, (f), tp) a Morita 
context. Consider its induced \/ Morita context {R^, S'^ , P"^ , Q"^ , (p^ , ip^) and the Morita base change 
left Hopf algebroid (S, U := P<= (g)«c U (g)«c Q^). Then 

H.{U,M) ~ H.{U,P®aM®aQ), H'{U,M) ~ H'{U ,P ^^Q), 

HC.{U,M) ~ HC.{U,P(g)i,M'S)i,Q), HC'{U,M) ~ HC'{U, P (g)n M (g)j,Q) 

are isomorphisms ofk-modules. 

As an application, we first indicate how the classical result of Morita invariance for cyclic homology 
of associative algebras (see, e.g., [iCiiDlllMcCII ) fits into our general theory. Second, we consider a 
Morita context between the complex-valued smooth functions on the commutative real 2-torus and 
the coordinate ring of the noncommutative 2-torus. After reviewing the construction for this case, we 
apply Morita invariance to the universal left Hopf algebroid of the Lie algebroid of vector fields over 

and its Morita base change (4 x 4)-matrix left Hopf algebroid over the noncommutative 2-torus. 
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2. Preliminaries 

2. 1. Some conventions. Throughout this note, "ring" means associative algebra over a fixed commu- 
tative ground ring k. All other algebras, modules etc., will have an underlying structure of a central 
k-module. Given a ring R, we denote by ^Mod the category of left i?-modules, by R° the opposite 
ring and hy := R R° the enveloping algebra of R. An R-ring is a monoid in the monoidal 
category {jic'M.od,^^, R) of iJ'^-modules (i.e., (i?, i?)-bimodules with symmetric action of k), ful- 
filling associativity and unitality. Likewise, an R-coring is a comonoid in (/joMod, (i^n, R), fulfilling 
coassociativity and counitality. 

Our main object is an ii^'-ring U. Explicitly, such an i?'^-ring is given by a k-algebra homomor- 
phism r] = rju : R^ ^ U whose restrictions 

s:=r]{-^tl) ■■ R^U and t := r]{l(g)k -) : R" ^ U (2.1) 

will be called the source and target map, respectively. Left and right multiplication in U give rise to 
an i?'^)-bimodule structure on U, that is, four actions of R that we denote by 

r >u<ir' := s{r)t{r')u, r*-u-*r' := us{r')t{r), r, r' & R, u & U, 

which are commuting, in the sense that, for every a, a' , r,r' ^ R and u,v ^ U, we have 

a *■ (^r > u r'^ ■* a = r > (^a *■ u •* aj < r' ; (2.2) 

If not stated otherwise, we view U as an [R, i?)-bimodule using the actions > , < , denoted c>U<i. 
In particular, we define the tensor product U U with respect to this bimodule structure. On the 
other hand, using the actions ► , ■* permits to define the Sweedler-Takeuchi product, see BSwIITTl : 

U X-rU := ^Y.iUi'^RVi £ U (^rU {^■r»-Ui (^r Vi = Y^i'^i ®R Vi<r, Vr G i?| . 

One easily verifies that U XrU is an i?'^-ring via factorwise multiplication, with unit element 

lu ®R lu and i]ijxRij{r ®k. r') = s{r) ®r t{r'), for r, r' € R. 

2.2. Bialgebroids. BTlll Bialgebroids are a generalisation of bialgebras. An important subtlety is that 
the algebra and coalgebra structure are defined in different monoidal categories. 

Definition 2.1. Let be a k-algebra. A left bialgebroid over R is an i?'^-ring U together with two 
homomorphisms of -rings 

A:C/^[/Xb[/, e : ?7 ^ Endk(i?) 

which turn U into an i?-coring with coproduct A (viewed as a map U — )• U ®rU) and counit 
e:U^R,u^ {iiu)){l). 

So one has for example for u £ U , r,r' £ R 

A(r > u <i r') = r > U(2) o ^'i A(r u ■< r') = r' (JJjj r ► ti(2), (2.3) 

using Sweedler's shorthand notation U(^) (^r u^2) for A(n), as well as in [/ XrU the identity 

r-U(^i)®RU(^2) = U(i)®RU(^2)-r- (2.4) 

The counit, on the other hand, fulfills for any u,v and r,r' £ R 

e{r >u<r') = re{u)r' , e{u •* r) = e{r *■ u) , e{uv) = e{u ■* e{v)) = e{e{v) *■ u) . (2.5) 
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2.3. Left Hopf algebroids. IISch2ll Left Hopf algebroids have been introduced by Schauenburg un- 
der the name x j^-Hopf algebras and generaUse Hopf algebras towards left bialgebroids. For a left 
bialgebroid U over R, one defines the (Hopf-)Galois map 

P : *-U U<, —?■ U<i t>U, u V I-)- ®n. U(2)V, 

where 

*. U ®a° U<i = U 0t U/span{r u (^t w — u (^t u < r | n, u G [/, r G i?}. (2.6) 

Definition 2.2. IISch2ll A left i?-bialgebroid U is called a left Hopf algebroid (or x fj-Hopf algebra) if 
/3 is a bijection. 

By means of a S weedier- type notation 

(g)flO n_ := (3^'^{u (g)^ 1) 

for the translation map 0r 1) : U ^ ».U (gi^o U<3 , one obtains for all u,v ^ U ,r,r' ^ R the 

following useful identities IISch2[ Prop. 3.7]: 



M+(l) ®R U+{2)U- 




M (gifl 1 G ?7< Cgifl > [/, 


(2.7) 


0ro U(i)_M(2) 




u 1 G ► t/ (8)^° t/< , 


(2.8) 




G 


U XRO U, 


(2.9) 






U{1) U{2)+ ^R" ■"(2)-> 


(2.10) 


U+ ®_ro U_(i) M_(2) 




M++ 0ro n_ (g)^ u+_, 


(2.11) 


{uv)+ (g)RO (uv)^ 






(2.12) 






s{£{u)), 


(2.13) 


M4-t(e(n_)) 




u, 


(2.14) 


(s(r)t(r'))+ (s(r)t(r'))- 




s{r) (gjflo s(r'), 


(2.15) 



where in ( 12.91 ) we mean the Sweedler-Takeuchi product 

U Xro [/ := I Uj (giRO Vi £ ®ro [/< I Y^iUi<r0RO Vi = Yji^i ®R° Vr G i?| , 

which is an algebra by factorwise multiplication, but with opposite multiplication on the second factor. 
Note that in (12.111) the tensor product over R° links the first and third tensor component. By (12.71 ) and 
( 12.91 ). one can write 

(i~^{u ®R v) = u+ (S)ro u-V. 

2.4. [/-modules. Let ([/, R) be a left bialgebroid. Left and right U -modules are defined as modules 
over the ring U, with respective actions denoted by juxtaposition. We denote the respective categories 
by {/Mod and (/oMod; while [/Mod is a monoidal category, ^/oMod is in general not BSchli One 
has a forgetful functor {/Mod — )• ^cMod using which we consider every left [/-module N also as 
an {R, i?)-bimodule with actions 

anb := a!>n<b := s{a)t{b)n, a,b £ R,n G N. 

Similarly, every right U -module M is also an {R, i?)-bimodule via 

amb := a*-m-*b := ms{b)t{a), a,b £ R,m G M, 

and in both cases we usually prefer to express these actions just by juxtaposition if no ambiguity is to 
be expected. 
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2.5. [/-comodules. Similarly as for coalgebras, one may define comodules over bialgebroids, but the 
underlying i?-module structures need some extra attention. For the following definition confer e.g. 
lISchTllBTllBrzWO . 

Definition 2.3. A left U -comodule for a left bialgebroid ([/, R) is a left comodule of the underlying 
i?-coring [U, A, e), i.e., a left i?-module M with action : (r, m) i— )• rm and a left i?-module map 

Am : M — ;> ?7< M, m ^ m^-i) ®r m^Q^ 

satisfying the usual coassociativity and counitality axioms. We denote the category of left U- 
comodules by [/Comod. 

On any left [/-comodule one can additionally define a right i?-action 

mr := e(m(_i) ■< r)m(o)- (2.16) 

This action originates in fact from the algebra morphism 

R^U*, r ^ [u^ e{u<r)], (2.17) 

where U* := Hom_/{(C/, i?) is the right convolution ring of the underlying ii-coring U, and the 
canonical functor [/Comod — )• Mod^/* that endows any left U -comodule X with a right f/*-action 
given by 

xa = ^cj(x(_i))j;(o) 

(x) 

for every x £ X and a £ U*. The above action is then the restriction to scalars associated to the 
algebra morphism (12.171) . and the action (12.161 ) is the unique one that turns M into a left i?'^-module 
in such a way that the coaction is an iJ'^-module morphism 

Am : M ^ [/ x«M, 

where U M is the Sweedler-Takeuchi product 

[/ M := I X]. Ui iSiRrrii £U M \ YjI Uit{a) (g)^ rrij = Yli Ui rriia, Va G ijj . 

In other words, Ad becomes a left X/?-C/-comodule. Conversely, any left X/j- [/-comodule gives rise 
to a left [/-comodule. This con^espondence establishes in fact an isomorphism of categories. 
As a result of the previous discussion, A^^ satisfies the identities 

AMirmr') = (r >?n(_i) ^r') (g)^ m(o), (2.18) 
m(_i) (g)fl m(o)r = (r ► ?n(_i)) ®^ ?n(o). (2.19) 

2.6. Cyclic homology for left Hopf algebroids. 



2.6.1. Stable anti Yetter-Drinfel 'd modules. The following definition is the left bialgebroid right mod- 



ule and left comodule version of the con^esponding notion in |B§ |. For Hopf algebras, the concept 
goes back to IIHKhRSII . 

Definition 2.4. Let ([/, R) be a left Hopf algebroid, and let M simultaneously be a left [/-comodule 
and a right [/-module with action denoted by (m, u) i— )■ mu for u £ U,m £ M. We call M an anti 
Yetter-Drinfel' d (aYD) module if: 
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(/ ) The two i2'^-module structures on M originating from its nature as U -comodule resp. right 
[/-module coincide: for all r, r' ^ R,m ^ M 

rm = r*-m, (2.20) 
mr' = m-*r\ (2.21) 

where the right i?-module structure on the left hand side is given by (12.161 ). 
(//) For u € U and m G M one has the following compatibility between action and coaction: 

AM{mu) = u_m(_i)U,+(i) (^^ ?ti(o)U+(2). (2.22) 

The aYD module M is said to be stable (SaYD) if, for all m G M, one has 

m(o)m(_i) = m. (2.23) 

2.6.2. Cyclic (co)homology. We will not recall the formalism of cyclic (co)homology in full detail; 
see, e.g., IIFTsi O for more information. However, recall that pai-a-(co)cyclic k-modules generalise 
(co)cyclic k-modules by dropping the condition that the (co)cyclic operator implements an action of 
Z/(n + 1)Z on the degree n part. Thus a para-cyclic k-module is a simplicial k-module (C., d,, s.) 
and a pai^a-cocyclic k-module is a cosimplicial k-module {C',6,,a,), together with k-linear maps 
tn '■ Cn ^ Cji resp. Tn C" — )• C" satisfying, respectively 



^ + ° di-i if 1 < i < n, (6i-i o r„_i if 1 < i < n, 

'^'°^''~\dn ifi = 0, ^" *~\5„ ifi = 0, 

o Si^i a 1 < i < n, J Cj-i o Tn+i if 1 < i < n, 



(2.24) 



Si o tn=< .2 „ ^ ;f _ n Tnoa, 



ti+i o s„, if i = 0, " [an o t^^^ ifi = 0. 

Such a para-(co)cyclic module is called (co)cyclic if f""*"^ = id (resp. r""*"^ = id). Any cyclic module 
C. gives rise to a cyclic bicomplex C.., see, e.g., HFTsI for details. The only thing we recall here is 
that the differential on the 6-columns is given by 

n 

b = Y,{-iydi, (2.25) 
and likewise /? := Y17=o(~^y^i ^ cocyclic module. 

2.6.3. The para-(co)cyclic module associated to a left Hopf algebroid ( IIKowKrII . cf. also BKowPoll ). 
Let M be simultaneously a left U -comodule and a right U -module with compatible left A-action as 
in (11201) . Set 

C.{U,M) := M®«o {^U^ )®fl°-, 
and in each degree n define the following structure maps on it: 

5flO ...^^o (e(«'^)^n"-i) ifi = 0, 

di{m (g)flO x) = <^m (g)flO • • • (8)flO (u"~*ti"~*"'"-'^) ■ ■ ■ if 1 < z <n — 1, 

(XiflO u" if i = n, 

'm (g)flO u-*- (XiflO • • • (8)^0 tt" ®flO 1 ifz = 0, 

Si{m x) = m (gjflo • • • n*^"* (8)^0 1 (8)^0 u""*"*"^ (gj^^o • • • (g)^o if 1 <z<n - 1, 
(g)flO 1 igflo ti"*" (gflo • • • ®H° ti" ifi = n, 

tn{m (gjflo x) = (m(o)n^) (^h" w+ (8)^° • • • (8^° u*]: (8/?° (u"; • • • nLm(„i)), 

(2.26) 
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where we abbreviate x := (8)^° • • • u'^- As explained in detail in BKowKrL this cyclic module 
is the generalised "cyclic dual" to the following cocyclic module: set 

C'{U,M) := )®«*®fl M, 

with structure maps in degree n given by 

{1 (Xifl ■u-'- • • • (Xifl 0jim ifi = 0, 

i^fl • • • A(m*) (8)_r • • • n" (g)fl m if 1 < i < n, 
i^fl • • • 'S^R ti" ^R m{~i) <?5fl rri(o) if i = n + 1, 

5,(m) = ^^-"J^ i!^: = ?' (2.27) 

crj(z Cgifl m) = • • • (g)^ e{u^~^^) 0r ■ ■ ■ 0r u"- 0r m < i < n - 1, 

Tn{z ®R m) = u^f^^^v? ®R--- ®R u^(^„-^)U" ®R n^(^)m(_i) ®r m(Q)u\, 

where we abbreviate z := ®r ■ ■ ■ ®)r u". 

In IKowKrH it was shown that, under the minimal assumption (I2.20I ). the maps (12.261 ) (resp. (12.271 )) 
give rise to a para-cyclic (resp. para-cocylic) module, which is cyclic (resp. cocyclic) if M is SaYD, 
i.e., additionally fulfills ^2^-^^. 

Let us denote by H,{U, M) and HC,{U, M) the resulting simplicial and cyclic homology groups 
of C,{U, M), and likewise by H'{U, M) and HC'{U, M) the resulting simplicial and cyclic coho- 
mology groups of C'{U, M). 



3. -y/MORITA THEORY AND MORITA BASE CHANGE HOPF ALGEBROIDS 



In this section, we first recall some general facts about Morita contexts and their induced \/Morita 
theory in the sense of Takeuchi IIT2II . Secondly, we explain how this theory was used by Schauenburg 
to introduce Morita base change (left) Hopf algebroids in IISch4ll . where unfortunately no explicit 
description of the relevant structure maps was given. In order to establish our main result, we explicitly 
give here these structure maps, and then illustrate this by a detailed description of matrix (left) Hopf 
algebroids which we will use as an application in the last section. 

From now on, the unadorned symbol ® stands for the tensor product over k, the commutative 
ground ring. 

3.1. Morita contexts. Let R and S be two rings and let sPr and /jQs be two bimodules, together 
with the following bimodule isomorphisms: 

(P:P®rQ ^ S, = Ep'j'^uQp (3 1) 

i):Q®sP R, -0"^!^) = EQi'^s Pi- 

It is known from Morita theory (see, e.g., IIBal p. 60]) that, up to natural isomorphisms, (f) and tp can 
be chosen in such a way that 

{<p®sP) = {P®Ri^) and (iP^rQ) = {Q(g>s^)- (3.2) 

Thus {R, S, P, Q, (p, ip) can be considered as a Morita context. In what follows, we will usually make 
use of the notation 

p'q := 4>{p' <®R q) and qp := tp{q ®sP), ^P,p' G P, Q, Q G Q- 
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We then have 



QiPi 



as well as 



a{bp) = {ab)p in s-Pr, K^-q) = {ba)q in rQs, 



for every pairs of elements a,p ^ P and b,q € Q. 

The above context is canonically extended to a Morita context between the enveloping rings 
and S^. That is, S'^ , P'^ , Q° , ip^ , tp'^) is a. Morita context as well, where the underlying bimodules 
are defined by 

P<':=P(^Q° G scModRc, 

Here R°Pgo and s°Q°ro are the opposite bimodules, and (p^, are the obvious maps. As was argued 
in IIT2II . this is an induced \/Morita equivalence between R and 5, in the sense that the last context 
induces a monoidal equivalence between the monoidal categories of bimodules /jMod/j and ^Modg . 
Explicitly, such a monoidal equivalence is set up by the following functors 



One of the monoidal structure maps of the functor 
natural isomorphism 

{Q" «)s- X) (Q^ Y) ^ 
Ei {{Q ® P'j°) x) {{q'j ^ P°) <E>s y) ^ 



5c Mod ~ sModg . 

;c — is explicitly given by the following 



^5sc {X <S)s Y), 
(g®a°)(g)so [xipb) ®sy), 



(3.3) 



An alternative way of defining these functors is via the following natural isomorphisms: 



P''(E)R--^Pi 



Repeating the same process, we end up with two mutually inverse functors (up to natural isomor- 
phisms) 



RcMod/jc 



cMod^o . 



Using the Morita context, this equivalence is canonically lifted to the category of monoids. Thus, if we 
denote by i^'^-Rings the category of i?'^ -rings, i.e., algebra extensions of R^, we have a commutative 
diagram 



i?*^-Rings 



ijcModfjc 



S'^-Rings 
oModgo , 
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whose vertical aiTows are the forgetful functors. For any i?'^-ring T we then have functors connecting 
the categories of left modules: 



TMod 



= (-) 



HO Mod : 



Mod 



(3.4) 



Mod. 



3.2. Morita base change for left bialgebroids. In IISch4ll . Schauenburg used one of these functors 
to construct a functor from the category of left Hopf algebroids over R to the category of left Hopf 
algebroids over S, known as Morita base change left Hopf algebroids. In what follows, we will 
need an explicit description of this Morita base change left Hopf algebroid structure. So, it will be 
convenient to review this construction in more detail. 

Let {R, S, P, Q, 0, ip) be a Morita context. As one can realise from diagram (I3.4I ). the following 
two assertions are equivalent: 

(i) the category of T-modules is a monoidal category and the forgetful functor ^ is strict 
monoidal; 

(ii) the category of {P^ CShc Tigj^o (5'^)-modules is a monoidal category and the forgetful functor 

is strict monoidal. 

Therefore, by Schauenburg 's result llSchll Theorem 5.1], starting with a left Hopf algebroid {U, R) 
we can construct a new one {U, S) as follows. Denote by 

the image of U. Using the natural isomoiphism (13.31 ) and the diagram (13.41 ) for the underlying i?'^-ring 
U, we can compute the structure maps of the left Hopf algebroid {U,S): 
(/ ) Source and target. Source and target are given by 

(// ) Ring structure. The multiplication in U is given by 

(ai (g) hi) {{u < {cia2)) {{b2di) > v)) (c2 d^), 

where u := ((ai ® 6°) (8)^6 u (8)^6 (ci (g) d1)) and v := ((02 (8> ^2) '^r" ^ ®-r'= (^2 ® (^2)) ■ The 
identity element is given by the image 77(1^0): 

(Hi ) Coring structure. The comultiplication is given by 

A:U — > U(^sU, 

where u := {{a b°) (8)^0 u ®fi<= (c ® , and the counit is given by 
e : U — > S, u I — > ae{u •* {cd))b. 



fj : S° 



(3.5) 



(3.6) 



(3.8) 
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(iv ) The left Hopf structure. The expUcit expression for the translation map reads 



u I — > Y.{{^®q'p(g)i,.u+®i,.{c®p°))®s-{{d®q°)®R'^U-®i,.{h®p'°)), (3-9) 
where again u := ((a ® 6°) ®j,o u (c ® d")). 



3.2.1. U -modules and U-comodules. Consider the diagram analogous to (13.41 ) for right ^/-modules. 
The functor of the first column in that diagram is explicitly given on objects as follows. For M G 
Modf/, the right [/-module M := P ®r M ®r Q is equipped with the following action: denote 

fh := p m q e M and u := {a^ h°) u ®ii<= (c ^ d°) G U , 

and define 

rhu := d (^r {{bp) *-m-* {qa))u ®a c- (3.10) 

As shown in IISch4ll . there is also a monoidal equivalence connecting the categories of left comodules. 
More precisely, if M G jyComod, then M is a left [/-comodule with coaction 

Ajy(m) := ^ {{p®qi ) ^r'^ ^-(-1) '^r'^ {q®p'")) ®s (Pi '^r "i(o) ®fl Qj)^ O-H) 

which exactly coincides with the formula given in IISch4ll in the special case where the left module 
>[/ is finitely generated projective. 

Lemma 3.1. Let M be a right U -module and left U-comodule. Then M is aYD (resp. SaYD) if and 
only if M is. 

Proof. We only prove the direct implication, the proof of the converse being similar. So assume that 
M is aYD. Then, for any s, t G S, we have 

^isp'i ®fi {{qiP) -rrK {qtp'j)) ®r q'j 

i,j 

Y^isp'i ^R {{q'iP)m{qtp'j)) 0« q'j 
^isp'^q'^p) m (E>R (qtp'jq'j) 



= {sp) ^jim(g)ji {qt) = smt, 

which gives (12.201 ) and (12.211 ) for M. Now, let us show (12.221 ) for M, and start with rhu = d (^^ 
[{bp) ► jn < {qa))u (8)^ c as defined in (13.101 ). Once computed the coaction of the middle term in the 
latter tensor product and taking into account (12.221 ) for M, apply (13.111 ) to obtain 

Ajj(mu) = ^ [(d® q") {{u- •* (6p))(m(_i) -< (qa))u+(i)) (c® ®s (p» ®h m(o)U+(2) q'j). 
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On the other hand, using (13.71 ). (13.91) . as well as the coaction (13.11b of M, we get 

u_m(_i)ti+(i) (8)s m(o)ii+(2) 

^ [(d (g) (7° ) (g)H<-' (((gioP^J -< (6p))(((7i2PjJ ►-m(_i) ^ (ga))ti+(i)) (c(g)pj/)] 

ilJ2 

»0 ) ^^+(2) )^ ®H 932] 

^ [(d® (j°)®RO -« (fep))(7Ti(_i) -« ((7a))u+(i)) ®jiO (c®pj2°)j ®s [pii ®R {r 

= Aj,7(mu), 
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»0i»li»2; JO Jl J2 



m(o)M+(2) ) <X)r 



where in the last equality we used (12.31) . (12.41 ). and (12.91 ). Analogously, one checks the stability 
condition for M. □ 



3.3. Example: the matrix left Hopf algebroid. Let be a ring with the Morita context 
{R,Mn{R), R^, R"'), where n > 1. That is, P := i?" is a free right i?-module of rank n whose 
elements are considered as columns and similarly Q = i?", whose elements are viewed as rows. Here 
Q is considered as the right dual module of P, that is, Q = ]iom{Pji, Rji). Thus, the matrix ring 
Mn{R) acts from the right on P by the usual operation of matrices on columns, and acts from the left 
on Q by the usual operation of matrices on rows. The maps of the Morita context are 



: i?" i?" 



S = Mn{R), 



R, 



ri 



The sets of pai^ameters {pi, qi}i and {p'j,qj}j ai^e given by 

{Pi,Qi}i = {ei,ei}i {P'j^1j}j = {^i'^ii' 

where {ej}i<j<„ and {e*}i<i<n are, respectively, the dual bases of Pr and rQ, and where (•)* 
denotes the transpose. Before extending this context to one between R'^ and 5*^, some notation is 
needed: under the ring isomorphism 

M„(i?)° ~ M„(ii°), {{ai,)i,, ^ {a%)i,j), 

we can consider the opposite bimodule Q° as an (M„(i?°), i?°)-bimodule (i.e., left M„(i?°) -module 
and right ii°-module), thence its elements can be seen as columns. Henceforth, elements of P^ are 
columns of size with coefficients in R'^. That is, we can identify the right module P'^rc with the 
free module (ii'')" rc via the following bimodule isomorphism 



pc 



{RT\ {ri)l<i<n® {S°)l<j<n^ ('^i®«4)l<(i-l)n+i<n2' 



where the notation (a;,), stands for the columns. Here the left actions are given by different isomorphic 
rings, namely S"^ and M„2 {R^) with the isomorphism 



Mn{R) ® MniPy 



Mn{R) ^ MniR°) 



{aij)i,j ® {bkiXi ^ (aijkj^ {bfk)k,i ^ ® 



(3.12) 



/ II, \ / IL \ /J 
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2 

In the same fashion we identify the bimodule Q'^ with and consider its elements as 

rows. The extended Morita context {R'^ , S'^ , P'^ , Q'^) is then isomorphic to the Morita context 

Now consider a left i?-Hopf algebroid ([/, R) and its associated left S'-Hopf algebroid {U,S) as in 
^3.21 Using the isomorphism 

{{ai)l (g) (6°)*) »«o u ®«o {{ci)i » ^ {{a, » 6°) n (c^ ® ^^.^j^+p 

we want to describe the left Hopf structure of the matrices M„2(?7). Denote by Cij, for 1 < i, j < n^, 
the matrices with only one nonzero entry (i,j), having Ifj as coefficient. That is, Cij are the unitary 
matrices in the matrix ring M„2([/). In this way, for each element n G [/, we consider the matrices 
neij G M„2(C/), 1 < i, j < n^, which have only one nonzero entry (i,j) with coefficient u. 

(/) Ring structure, source and target o/'M„2([/). The ring structure is the usual one of matrix 
rings. Up to the isomorphism (13.121 ). source and target maps are given by 

fj: = Mn{R) ® Mn{Rr M„2(C/), 

(3.13) 

' {i-l)n+k, {j-l)n+l' 

where rj : R^ ^ U is as above Eq. (12.11 ). 
(// ) Coring structure o/M„2 (U). It is sufficient to define the comultiplication on elements of the 
form neij, for 1 < i, j < n^: 

A:M„2([/) M„2(t/)®M„(H)M„2([/), 

^^i.j ' ^ J2i'^{l)^{i-l)n+l,ik-l)n+i') ®M„(R) iu{2)^],{i'-l)n+l), (3-14) 

i' 

where \ = {i — l)n + j and ] = {k — l)n + /, for some i,j,k,l =!,••• , n. The counit is 
defined by 

e:M„2(f/) ^M„(i?), neij ^ | ° f ^ !' (3-15) 

[e[u)eij if k = l, 

where \ = {i — l)n + j and j = (/c — l)n + /, for some i,j,k,l =!,••• , n, and Cij are the 
unitary matrices of M„(i?). 
(/// ) The left Hopf structure o/M„2 ([/). The explicit expression for the translation map reads 

: M„2(t/) M„2(C/) ®M„(«)° M„2(;7), 

"^ij ' — ^ ®M„(R)° (u-e(;_i)„+i,(j_i)„+,'): (3.16) 

i' 

where i = (i — l)n + j and j = (A; — l)n + /, for some i,j,k,l = l,..., n. 
(iv ) Modules and comodules. The structure of M„2 (f/) -modules and M„2 (f/)-comodules for the 
matrix module M„(M) ~ M is described by the following formulae: 



if i' / j or i / /, 

{mu)ei^k else, 



for every m G M and u ^U, where we have used a notation similar- to that of item (ii). 
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4. MORITA BASE CHANGE INVARIANCE IN HOPF-CYCLIC (CO)HOMOLOGY 

This section contains our main results, Theorems 14.51 and 14.71 More precisely, we construct two 
morphisms between the cyclic modules C,{U,M) and C,{U,M), where {S,U) is a Morita base 
change of {R, U), and show that they form quasi-isomoiphisms by giving an explicit homotopy. This 
establishes the Morita base change invaiiance for cyclic homology. For the Morita base change in- 
variance of cyclic cohomology, we follow the same path although we shall not give the proofs since 
they are similar to the homology case. 

Fix a Morita context {R, S, P, Q, 4>, ip) and assume we are given a left Hopf algebroid ([/, R), with 
Morita base change left Hopf algebroid {U, S) as constructed in ^3.21 Recall the notation of ^3. 2.11 
and from now on, the symbol io,...,n stand for the set of indices {io, - ■ ■ , ^n}■ 
4. 1. The homology case. Consider the cyclic module (C.(C/, M), d.,s.,t,) as in (12.261 ). 

Lemma 4.1. Let M be a right U -module left U-comodule, subject to both (12.201 ) and (12.211 ). Then 
the cyclic operator t : Cn{U, M) — t- Cn{U, M)for the left Hopf algebroid U with coefficients in M 
is explicitly given by 

t : rh^s" X i — > 

^ {Ph ®R "1(0) ®R Cl) ^S" ((02 ® QiJ «)ii<= U+ (C2 (8) Pi^))^S'> 

«l,...,n 

• • • (8)s° {{an ® J ul (g)HC (c„ (g) Pij)0s'' 
{dn ® O ^R- {ul « (6„(i„_i))(n""^ < {hn~idn~2)) ■■■{u\'* {hp)) (g (g) a?) 

using the notation m := p (8>h m (g)^. q G M as well as x := ' ' ' ®s° "u"", where : = 

(ofc (g) hi) <8)ii<= (cfc ® dl) fori <k<n. 

Proof. Eq. (12.201 ) is not directly needed in the computation, but rather to make the operator i well- 
defined. By definition we know that 

Using the formula for the translation map /3 in (13.91 ). we have 

i{m (ggo tt^ (8)5° •••'83° "u") 
= (Ph ®ii (("1(0) ^ ('?jo«l))(^+ ^ (^ii^'io))) ^iJ Cl) ((02 g^-/) ul (g)^o (C2 ® p-J) 

io,...,n 

'0,...,n 

■ ■ ■ ((a„ q'jj') 0R<= u\ (g)_RC {cn ® PiJ) ®s° {dn ® QiJ'^R'' 

{{Qin-iP'jJ - 'li- ^ (Mn-l)) ((%„-2Pi„_i) "^-"^ ^ (6n-ldn-2)) • • • {{qioP'j,) ul_ < (6ip))m(_i) 

By Eqs. (12.211 ) and (12.191 ). we can eliminate the sum with the index jq. Thus we have 
i{rh ®s° ■ ■ ■ ®s° 'U^) 
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^ (Ph ("1(0)(m+ < (^jiPio))) ®fl Cl) ((«2 ® 9j-2°) ®_R<= u1 0RO (C2 )) 



Jl,...,n 
»0,...,n 



((ft„_iPj,J ^ (bnC?n-l)) ((%„_2Pj„_i) "^^-"^ ^ (6„_l(i„_2)) • • • {{qioP'jJ < 

(X'_RC (q (g) a° 

Repeating the same process, but now using repetitively (12.101 ). we can eliminate the sums indexed by 
^0 ) ii 1 ■ ■ ■ ) in > and obtain the stated formula. □ 

In order to show invaiiance of Hopf-cyclic homology, we will first of all construct a quasi- 
isomoiphism between the 6-columns, denoted again by C,{U, M) resp. C.{U, M), of the cyclic bi- 
complexes CC.,{U, M) and CC.,{U, M) associated to the respective cyclic modules (cf. ^2.6.21 ). 

Define the map On : C„(C/, M) C„(C7, M) as follows: for n = 0, set 

6*0 : M — >M, mi — >y^^Pi®R m (g)^ qj, 

i 

and forn > 1, abbreviating x := • • • (g)jjo n", set 

On-.m^Roxf — > ^ {Pio®Rm^iiqja)^s'' {{Pjo®Qio)^R°u^ ^R" ilji^Ph)) 

In the opposite direction, introduce the map 7„ : C„(C/, M) — )• C„(C/, M), which is, for n = 0, 

70 : M — ^ M, (m := p (^S> r, m ®r q) 1 — > '^{qjP)m{qp'j) , 

3 

and for n > 1 it is given as 

7„:m(g)s°ii — ^ ^ ?n(gpjj (8)^° ((gjQai) > < (foip) ^ (ciPj. J) 

io,....„ (4.2) 

where tt* := (oj (g) b°) ®r<= (g^c (q (8) G f/ for 1 < i < n, and i := ®s° • • • ®s° 
Lemma 4.2. T/je ma;?^ ^. awii 7. are morphisms of chain complexes. 

Proof. We only check the compatibility of the differential with 7^ since the computation for On is 
similai- but less complicated. Decompose 

i7n = d07n + X] (-l)'''^fc7n + (-l)"dn7n, 
l<fe<n-l 

where 6 is the differential (12.251 ) of the underlying simplicial structure of C. (C/, M) as in (12.261 ). When 
applying this map to an element of the form fh^ go v} (g go ■ ■ ■ ^ vT" (using the notation above), each 
term is explicitly given by 

(*) = 5Z (^(iPjo) ((('Jjo"!) (^iP)) (cip'n)) ®H'= • • ■ 
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|^e^((jj-^d„) ►- ((qj„_ian) cu" < (fe„d„-i)) -< (cnp'j^)^ ►• (^[{q'j^_2a„-i) > u"^^ < (6„_id„_2)) ■« (c„-iPj-^^_ j 

Jo, ...,T1-1 

n-l 

qIi) ■^'^ (^iP)) ■* (ClPji)^ ®-R'= ■ • • ^R" 

fc — 1 JO,...,ii-A:-l.Ti-;i + l,...,Ti 

|^^(6„_fc_irf„_fc) ►- {{q'j^_^_^an-k)'>u^^'' < {bn-kd„-k-i)) - {c„-ka„-k+i)^ t {cn-k+ip'j^_^^J^]^ 

(in) = ^ (-l)"(^7n(((gai)[>?i^<i(bip)) -<(cipjj)^ ®HC 

On the other hand, we can also write 



7,i_l6 = 7n-ldo + ^ (-l)''7n-l4 + (-l)''7„_lf^n, 
l<fc<n-l 

where b is analogously the differential of the underlying simplicial structure of C,{U, M). Applying 
'jn-ib to the same element m (g)go • • • (g)go u", we find that the first term is 

J0,...,n-1 

• • • <8)h<= (^(9i„_if^n-l) ((9j„-2""-l) "^""""^ (&n-lrfn-2)) ■« (Cn-lPj-„_ J^, 

where we denoted the elements e('u") >-u^~^ =: (d„_i (8> fen-i°) n"""'^ (c^-i 
Computing explicitly this term, we obtain 

~/~n\ ~n — l -n — ^ -/~n\o\ 
e(u ) ►■ U —u Tl(l0£(U ) ) 

^ ^ (a„„i (g) 6„_i°) Oh-^ ^{q'i^dn-i) ►u""^ ■« (c„-ip^^)^ (g)R<^ {q'j^ (g) (e({i")pi^)°) 

ire, 

^ (a„_i (g) 6„-i°) On-^ (^{q'i^d„-i) ►m""^ ■« (c„-iPj„)^ {q'j^ (g) (a„£(u" ■« (c„d„))6„Pi„ )°) 

in, in 

(g^^ (g) (a„e(ti" ■« (c„d„))&„d„_i)°) 
= (o„_i (g &„-i°) (giflc m""^ (g)B<= ^c„-i (gi (a„£(M" -< (c„d„))6„d„_i)°) 

thence, 

a„_i = On-i, hn-i = bn-1, u"'~^ = and dn-i = ane{u"' < {Cndn))hndn-1. 

Inserting this into the expression of (i) above, one obtains {i) = (i). The second term can be written 
as follows: 



n-— L 

{ii) = ^ ^ {m{qpj„) (g)flc (^{{q'^^^ai)>u^ < (bip)) •> {cip'jj^ (Sr" ■■■ 



^ — ljO,...,?l-fc-l,Tl-fc+l,. 
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((("jL-fc + l^n-fc + z) 1>m" ''^^ <l(6„_fc + 2rfn-fe)) - {c„- k + 2P'j ^_ 



where we denoted the elements 

'^(a„_fc (g) (gj^o ((6„_fc+id„_fc) u"^'' t (c„_fca„_fc+i))u"~''+^ (4.3) 

(g)Rc(c„_fe+i ® d°_fe+i). 

Therefore, (zi) = {ii) after substituting (14.31 ) in (ii). As for the third term, we have 

(m) = ^ {-l)"(m{{{qai)>u^ <{bip)) -{cip'^^))^ (g)R^ 

jl n 

which is obviously {in). We conclude that 7. is a morphism of chain complexes. □ 

Proposition 4.3. The composite ^nffn is homotopic to the identity, the homotopy hn : Cn{U, M) — t- 
Cn+iiU, M) being explicitly given by the following map: for n = 0, define 

/lo : m H> ^ m{qip'j) {{q'jPi) > lu), 
i,j 

and for n > 1, set 

n 

: m(g)RO X (-l)'°^"'n-('7ioPM)®«° ((9joPni)'>'"^-"(*iP3i))®H° 

^=0 Jo,...,fc 

abbreviating x := ■ ■ ■ (g)^o as before. Similarly, On'fn is homotopic to the identity as well. 

Proof. We need to check bho = 70^0 — id for n = and bhn + hn-ib = jnOn — id for n > 0. As for 
the first one, it is immediate that 

bho{m) = '^edq'jPi) c lu) *■ m{qip'j) - m = '^{qjPi){m){qip'j) - m = ^o9o{m) - m. 

In case n > 0, since multiplying two consecutive tensor factors of /i„ kills the respective q, p as well 
as the q',p' between them, it is straightforward to see that 

n n— 1 

'^{-l)''dkhn{m x) + x) = 0. (4.5) 

fc=l k=l 



(4.4) 
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As for the remaining terms, we have 

(-l)""''^d„+i/i„(m x) 

n 

^i,...,fc 

n-l 

fe=o io,-..,fc 

^0,...,/s 

= (-id - {-l)"hn-idn){m^RO x). 

Moreover, 

dohn{m (g)H° a;) 

n-l 

fe^O 30,. ...k 

((Q^fc-iPifc-i) ('JifcPjfc)) ®«° (('?JfcP»fc) Ic') ^'''^^ ®-n° • • • Oh" lt"~^ ®h° (e(lt") ►• 

+ X] ('Ti-" (a»oPjo)) {il'ioP^o) '=■ '^'^ " ilnP'n)) ■ • • O-R" (('?j„_iP»„-i) ■> (^Lp*^) (g»„Pj„)) 

iO,...,n 
'0,...,n 

= ( — hn-ido + 7„6'„)(m (g)_R/> x), 

where the last summand in the first step results from (12.21 ) and (12.51) . Summing up, we obtain + 
hn-ib = "fnOn — id, and this finishes the proof. □ 

To pass to the cyclic case, we prove first: 

Lemma 4.4. The morphisms of chain complexes 9, and 7. are morphisms of cyclic objects. That is, 
they satisfy: 

i.i. = t.j., o.t, = I.e.. 

Proof. We only check the first equation. Take a n ele ment f h®s° (^s° ' " ®s° u"^ G Cn{U, M), for 
n > 0. Then, applying equations (12. 131 ). (12. 15I ). and (I2.18I ). we can write 

j0,...,n 

Oh" • • ■ ®H° (('?i„_i"n) >u"t (Cnp'j^)^ 

■■■ ((62di)i>ul_)((bip)[>m(_i) -.(gpjj)l . 
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On the other hand, we have 

i0,...,n 

i>u")((6„d„-i) c>ii""^)((6„-id„-2) • • • 

5Z ((("^(0) -«(gj„ffli))'^+) "(ciPjo)) ®«° ((9jo«2)'>'"l -«(c2Pji)) 

JO,...,n 

®H° [((gj„_irfn) )((&nrfn-l) > It"" ^ ) ( (6„- 1 d„-2 ) > ) ' ' ' 

••• ((62rfi)>ti-)((bip)>(m(_i)-<(<jp^,J)^] . 

Now, renumbering the indices we find the equality, and this finishes the proof. □ 

Combining Lemma 1421 Proposition |43J and Lemma l44l we conclude that 6, and 7. are in partic- 
ular equivalences of cyclic modules. Consequently, we can now formulate the main theorem of this 
paper: 

Theorem 4.5. (Morita base change invariance of (Hopf-)cyclic homology). Let {U, R) be a left Hopf 
algebroid, M a left U-comodule right U -module which is SaYD (i.e., satisfies (I2.20I )- (I2.23I )). and 
(R, S, P, Q, (j), ip) a Morita context. We then have the following natural k-module isomorphisms: 

H.{U,M) ~ H.{U,P®^M®aQ), 
HC.{U,M) ~ HC.{U,P®aM®riQ)- 

Proof. This follows at once by using the SBI sequence for cyclic modules, cf. lO §2.5.12] for details. 

□ 

4.2. The cohomology case. In this section, we will consider the case of Hopf-cyclic cohomology 
under Morita base change. Since all steps are basically analogous to the preceding section, we refrain 
from spelhng out the details and just indicate the main ingredients. 

Consider the cocyclic module {C'{U, M),6,,a,,T,) as in (12.271 ). In the spirit of (14.11 ) and (14.21 ). 

define first the map Cn : C"(C/, M) C"(i/, M) as follows: for n = 0, define 

Co :M^M, m^'^p'j(^i,m(g)f,,q'j, 

j 

and for n > 1, abbreviating y := (g)^ • • • 0^ u", define 



'0,... 

JO,. 



Second, define the map ^„ : C"(f7, M) C"(f/, M), which is 

Co-M — > M, [m ■.= p®iim ®n q) 1 — > '^{qiP)m{qpi) , 
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in degree n = 0, and for n > 1 is given by 

iu-y^sm I — > ^ {{1h,o.^) ^ iliidi) *-u^ < (6ia2) -« {cipi„)) 0r ((gijC'a) *■ < (fo2a3) -« (c2Pn)) Oh • • • 

«0,...,re 

where := (cj (E> b°) (E>r<^ (gj^o (q (8) ) G [/ for 1 < i < n, and y := -u-'^ (8)5 • • • (8)5 u". 

Third, introduce the homotopy /i„ : C"+H?7, M) C"(C/, Af ) as follows: in de gree n = 0, set 

/lo : M m I — > '^e{{qiPj)*-u)m{qjPi), 

and for n > 1 define 

n 

'==0 jo,...,f! (4.6) 

^0,...,fc 

abbreviating here y' := • • • (8^ u". 

Now, with the construction of U and M as in ^3.2l and analogously to Lemma l4~Tl one can construct 
a cocyclic module C'{U, M); we leave the tedious details to the reader. Similarly as in Lemma 1421 
Proposition 14. 31 and Lemma l44l one then proves: 

Lemma 4.6. The maps (, and ^, are morphisms of cochain complexes, and ^.C. is homotopic to 
the identity by means of the homotopy (14. 61 ) ,• likewise, C,,^, is homotopic to the identity as well. In 
particular, C„ and are equivalences of cocyclic modules. 

This enables us to conclude: 

Theorem 4.7. (Morita base change invariance of (Hopf-)cyclic cohomology). Let {U, R) be a left 
Hopf algebroid, M a left U-comodule right U-module which is SaYD (i.e., satisfies (I2.20I )- (I2.23I )). 

and (R, S,P,Q, <j), tp) a Morita context. Then 

H'{U,M) ~ H'{U,P®RM®aQ), 
HC'{U,M) ~ HC'{U,P^nM ^nQ) 
are isomorphisms ofk-modules. 

5. Applications and Examples 

We give two applications. The first one deals with the well-known Morita invariance of the usual 
Hochschild and cyclic homology for associative algebras. We show that this invariance theory is 
a consequence of our main Theorem 14.51 bv applying it to the left Hopf algebroids R'^ and S'^. In 
the second application we specialise our general results to the Morita context between the complex- 
valued smooth functions on the commutative real 2-torus := x and the coordinate ring of 
the noncommutative 2-torus. We will first review the construction of this context, and next apply the 
Morita invariance of the cyclic homology between the left Hopf algebroid attached to the Lie algebroid 
of vector fields over T^, and the associated matrix left Hopf algebroid over the noncommutative 2- 
torus. 
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5.1. Morita invariance of cyclic homology for associative algebras. Recall from IISch2ll the left 
Hopf algebroid structure of the enveloping algebra R^. Its structure maps are given as follows: s{r) := 
r 1, t{r°) := 1 (g) r°, A(r ® f°) := (r (X" 1) (1 <^ f"), e{r ® f°) := rf, and the inverse of the 
Hopf-Galois map is given as (r (g) f°)+ (r (g) f°)_ := (r (g) 1) (8)jjo (f (g) 1). 

Let now Af be a right ii'^-module which is also an i?°-comodule with compatible left /^-actions as 
in (12.201 ). and denote the coaction by m i— )• (m^ -^^ (8)m^_j^p(g)^m(Q), omitting the summation symbol 

in all what follows. Under the isomorphism C(i^^ M) = M R^^r"' ~ M (g) i?®* given by 

m (n (g) f°) (g)flO • • • (g)flO (r„ (g) f°) I — > fn--- nm (g n (g) • • • (g r„, (5.1) 
the para-cyclic operators (12.261 ) assume the form 

{r„m (g) ri (g) • • • (g) r„_i ifi = 0, 

m ig) • • • (g) r„_jr„_j+i (g)---(g)r„ ifl<i<n-l, 

mri (gi r2 (gi • • • (gi r„ if i = n, 

{m(gri(g---(gr„(gl ifi = 0, (5.2) 

m (g • • • (g r„_j (g) 1 (g r„_i+i (g • • • (g r„ if 1 < i < n - 1, 

m(g)l(gri(g---(gr„ ifi = n, 

t„(m (g) y) = ?Ti.'('„]^)W.(o)ri (g) r2 (g) • • • (gi r„ (g) w.'^„;^), 

where we abbreviate y := ri (g) • • • (g) r„, and as before C.(i?°, A/) is cyclic if M is SaYD. 
Using the isomorphism 



(5.3) 



(a (g) 6°) (g)HC (r (g f°) (g^c (c (g i — ^ (l){a ^Rrc) ^ (/){df ^ab)", 

where (/) is as in (13.11 ). together with (13.21 ) and the isomorphism C,{S°, M) ~ M (g S*®" analogously 
to (15.11 ). a straightforward computation reveals that the morphism of chain complexes (14.11 ) reads 

On : m (S> y I — > ^ ^ (pifl ®RTn®R(ii-^ ) (g) (/"(Pn ®ii ngia) ® • • • <^(Pi„ 



In the other direction, we make use of the isomorphism 

{c®(f)®s-{s®s°)®s-{a®b°) I — > ip{cs®sa)®ij{h®ssdy, 
together with the inverse of (15.31 ) given by, cf. (13.51 ). 

to conclude that the morphism of chain complexes (14.21 ) becomes here 

7n : {p®Rm ®R q)® z i — > 



abbreviating z := si ■ ■ ■ Sn- 

In a similar manner, one derives the homotopy (14.41 ) in this case: for n = 0, we obtain 

ho : m I — > ^ ?7iV'(gi (g p'j) (g 
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and for n > 1: 

n 

h„:m(g)y> — )> ^ ^ (-l)"+'=(m^(<jio » p^J) (g) (^^(17^^ (g) Pio)rii/;(gii » (g) ■ 



fe = 30, 



where we abbreviate y := ri (8) • • • (8) r„. 

One recovers the exphcit maps given in MMcCI for this situation, and hence from Theorem 14. 5 1 the 
classical result BMcCl iDlll of Morita invaiiance in Hochschild theory follows. In case M = R, with 
BKowPol Prop. 3.1], one furthermore reproduces the classical result of Morita invariance of cyclic 
homology of associative algebras from llCl|LQ[lMcCII : 

Corollary 5.1. Let R be an associative k-algebra, M an {R, R)-bimodule, and (R, S, P, Q, (p, ip) a 
Morita context. We then have the following natural k-module isomorphism 

Hf^{R, M) ^ Hf^iS, P®aM(^^ Q), 

and in case M := R, we obtain 

HCf^{R) ~ HCf^{S). (5.4) 

Observe that for this corollary no SaYD condition is needed: there is no coaction required to 
compute the homology of the underlying simplicial object in (15.21 ) (resp. (12.261) ). and for the cyclic 
homology in (15.41 ) we only considered the case M := R, with action given by multiplication and 
coaction R ^ R^ R — R^ , r i— r (g)^. 1, which is easily seen to define an SaYD module. 

5.2. Morita base change invariance in Lie algebroid theory and the noncommutative torus. 

5.2. 1. Lie algebroids and associated left Hopf algebroids. Assume that i? is a commutative k-algebra 
(here k is a ground field containing Q) and denote by Dert (ii) the Lie algebra of all k-linear derivation 
of R. Consider a k-Lie algebra L which is also an i?-module, and let w : L — )• Derik(i?) be a morphism 
of k-Lie algebras. Following IIrHI . the pair {R, L) is called Lie-Rinehart algebra with anchor map to, 
provided 

{aX){b) = a{X{b)), 
[X,aY] = a[X,Y]+X{a)Y, 

for all X,Y ^ L and a,b £ A, where X{a) stands for io{X){a). A morphism {R, L) — )• (i?, L') of 
Lie-Rinehart algebras over i? is a map 99 : L — )• L of k-Lie algebras such that 



L -L' 





Derk(i?) 

is a commutative diagram. These objects form a category which we denote by LieRine^t 

Example 5.2. Here are the basic examples which we will be dealing with, and which motivate the 
above general definition: 

(?) The pair {R, T)eTk{R)) trivially admits the structure of a Lie-Rinehait algebra. 
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(// ) A Lie algebroid is a vector bundle £ ^ M. over a smooth manifold, together with a map 
uj : £ ^ TAi of vector bundles and a Lie structure [— ,— ] on the vector space T{£) 
of global smooth sections of £, such that the induced map r{uj) : r{£) — )• r{TAi) is 
a Lie algebra homomorphism, and for all X,Y G r(<S) and any / G C°°{A4) one has 
[XJY] = f[X,Y] + r{uj){X){f)Y. Then the pair {C°°{M),T{£)) is obviously a Lie- 
Rinehart algebra. 

Associated to any Lie-Rinehart algebra {R,L) there is a universal object denoted by {R,VL), 
see IIrTI IHuei Using the notion of twisted algebras (or distributive law between two algebras), we 
give here an alternative construction of this object (of which the construction of the Massey-Peterson 
algebra in UMasPl iHuell is a special case). Let U{L) be the universal enveloping algebra of L, and 
consider the k-linear map l : U{L) ®^ R ^ R®^ U{L) which acts on generators as 

X(g)kai — > a®f^X + X{a) and 1 CSk a i — > a®,^!, X £ L, a £ R. 

This map is compatible with both multiplications and units of R and U{L), and means that t is a 
twisting map between R and U{L), in the sense that it satisfies the equations stated in IIEIKI Subsection 
6.1] (see also references therein). In this way, the tensor product R ®k U{L) admits a new structure 
of an i?-algebra whose identity is still 1 (8>k 1, although its multiplication is twisted by i. Thus 

(a®k'u).(6®ki;) = ^ a^'' ®k n'^'f , where i(n 0^ 6) = ^ fe'' ®k h'', 

k k 

for every u,v £ U{L) and a,b £ R. We denote this algebra by R®,U (L) and their generic elements 
by a 0, X. Now take the factor i?-algebra of R ®, U{L): 

.■.Rr^ML)-.VL:= 

Jl 

where 

Jl:= (a8)„X-l®, aX)^^j^j,^^ 

is the two sided ideal generated by the set {a X — 1 {g)^ aX}a^R,X£L- The usual iZ-coalgebra 
structure of U{L) can be lifted to the structure of a left iZ-bialgebroid on VL, which cames, in fact, 
the structure of a left Hopf algebroid over R, see BKowl §4.2.1]: the comultiplication and the counit 
ai^e obvious, the translation map is given on generators by 

a+ a_ := a (^ro 1, X+ X_ := X (^^o 1-1 (g)^o X, 

where VL Cg'^.o VL := ►VL ^^.o VL< is as in (12.61) . and where we identify the elements of R and L 
with their respective images by the universal maps lr : R ^ VL, a ^ q^.I + Jl and ll ■ L ^ VL, 

X^1®,,X + Jl. 

5.2.2. Vector bundles versus \/Morita theories. Let i? be a commutative k-algebra as in ^5.2.11 As- 
sume we are given a finitely generated and projective module Pr which is faithful: any equation of 
the form Pa = 0, for some a £ R, implies a = 0. Then it is well known that R is Morita equivalent 
to the endomorphism ring End(P/j) since R is commutative. The context maps are given by 

<P: P0rP* ^ End(Pi?), (p^a ^ [p' ^ P^ip')]), 

■0: ^* ^lEncKP^) ^ R, {a(g>p ^ — > a{p)), 

where P* = Hom(PR, Rr). 

Following BKhl Example 2.3.3], we apply this Morita context to the situation where R is the algebra 
of smooth functions over a manifold A4. By the Serre-Swan theorem, it is well known that for a 
(complex) smooth vector bundle n : V ^ M. of constant rank > 1 the global smooth sections T{V) 
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form a finitely generated projective module over C°°{A4), the complex- valued smooth functions on 
M.. Let us check that P := T{V) is always a faithful module. For / G C°°{M) assume that 
Pf = 0; we need to check that f{x) = for every x Ai. Let be the maximal ideal of all 
vanishing functions on a point z € M. Following INei Corollary 11.9], for every such z there is an 
exact sequence of complex vector spaces 

fiz P P V, 0, (5.5) 

where the first nonzero map is the inclusion and the second one is the map which assigns to each 
section s S ^{V) = P the image s{z) G in the fiber of z. Thus, for every z G A4, there is an 
isomorphism of complex vector spaces Vz — P/ fJ-z P- Now suppose that / / 0, that is, there is some 
xq € such that / ^ /U^^^. Since /i^:,, is a maximal ideal, we have ^ixo + = C°°{J\4). 

This implies that 

P^l:,,+PfC^{M) = Pfl., = P, 

which by Eq. (15.51) is in contradiction with the fact that Vxq is a complex vector space of dimension 
at least 1. Therefore / = 0, and the global smooth sections P form a faithful finitely generated 
projective C°°(A^) -module. Furthermore, C'^{A4) is Morita equivalent to the endomoiphism algebra 
End(i-c°°(A4)) — r(End(T')). In this way, there is a functor from the category LieRine^c^oo^^)) to 
the category of left Hopf algebroids over End(P0oo(^)). This functor is defined on objects by sending 
any complex Lie-Rinehart algebra (L, R) to the left End(PR)-Hopf algebroid P^ (gj^e VL (gD^e Q'^, 
where R := C°°{A4), and P'^, are defined as in Subsection 13. II and correspond to the Morita 
context {R, End(PR), P, P*), i.e., with Q = P*. 

Remark 1. An analogue to the previous functor can, in fact, descend to the category of Lie algebroids 
over a smooth manifold A4 if we take a real vector bundle and the algebra C°°(A1, M) of real- valued 
smooth functions instead of the algebra C°°{M) = C°°{A4, C). We know from Example 15.21 11). that 
there is a canonical faithful functor from the category of Lie algebroids over A4 to the category of real 
Lie-Rinehart algebras over C°°{A4, M). Now we can compose this functor with the one constructed 
by the same process as in ^5.2.21 In general, there is no obvious functor connecting the categories 
LieRine(]g c°°(x,M)) and LieRine(c c°°(>l,C))' except perhaps when A4 is an almost complex 
manifold (i.e., a smooth manifold with a smooth endomorphism field J : TAi — > TA4 satisfying 
Jx = -idTMa:' for all X e M). 

Let us mention that due to our interest in the noncommutative torus, we have been forced to extend 
the base field by using the complex-valued functions instead of real-valued ones. 

The material of the following subsection will appear well known to the reader who is familiar with 
noncommutative differential geometry techniques. For the convenience of the rest of the audience, we 
include a detailed exposition following ideas from [DuKrMaMil §3.1], IIKhl §1.1]. 

5.2.3. Noncommutative torus revisited. Consider the Lie group = {z G C \ {0} | |2:| = 1} as 
a real 1-dimensional torus by identifying it with the additive quotient ]R/27rZ. Likewise, the real d- 
dimensional torus T"^ := x • • • x is identified with M'^/27rZ'^. The complex algebra of all smooth 
complex- valued functions on will be denoted by C°°(T^). 

Fix an element q € whose argument is rational modulo 2tt, and take G N to be the smallest 
natural number such that = 1. Let us consider the semidirect product group Q := x where 
Ztv = Z/A^Z, and operation 

(m, n, e)im', n' , 9') := (m + m',n + n' , OO'q"''''), 
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for every pair of elements (m, n, 6), (m', n', 6') G Q. There is a right action of the group Q on the 
torus given as follows: 

(x,y,z) gT2, 



{x,y,z){m,n,9) := (q^x, q"y, 0zy-^ 
Now, we can show that the map 

P:T3^T2, (x,y,z) 



(?n, n, 6) e ^. 



(x 



satisfies: 

(/ ) p is a surjective submersion. 

(// ) Q acts freely on and the orbits of this action coincide with the fibers of p. 

As a consequence and applying HKoMiSlI Lemma 10.3], we see that (T^, p, T^, ^) is a principal fiber 
bundle. We then want to associate a non-trivial vector bundle to the bundle x C'^ — T'^. So, we 
need to extend the ^-action on to the trivial bundle x C^. This is possible by considering the 
following left ^-action on 

g^Endc(C^), {m,n,e) 



where f/o, Vq are the following {N x A^)-matrices 



/O 






1 











1 











/I 
q 




\0 



\ 




,N-1 



which satisfy the relations 



jjN 



[70^0 = q^oC/o, 
Therefore, we have a left ^-action on x defined by 

((x,y,z);a;) {m,n,e) := ( (x, y, z)(m, n, 6*); (m,n,6l)~^tj 



Vr 



N 



In- 



(5.6) 



(q"x,q"y,ezy™); 







The orbit space (T^ X C^) /g = T^ xgC^ with elements uxgco will be denoted by S^. Notice that 
by definition one has the following formula: 



(ug) Xg (jj = uxg {gu}), for every u G T , u G C , and g £Q. 

By applying HKoMiSlI Theorem 10.7, §10.11] we can associate a non-trivial vector bundle to the 
trivial bundle x that is, there is a morphism of vector bundles 



X C 

pri 



N 



I 

I p 

Y 

■T2. 



By the results of ^5?L2\ we have that C°°{T^) is Morita equivalent to End(r(fq)) ~ r( End(£'q)). 
Now, using HKoMiSU Theorem 10.12], T{£q) is identified with the G-equi variant subspace 
C~(T3, C^)S of C°°(T3, C^), that is, those / G C°°{T'^, C^) for which f{ug) = g-^f{u), for 
every u G T^, g g g. Hence, we have an isomorphism T{£^) ~ C°°{T^, C^f of C°°(T2)-modules. 
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Next, we want to describe the noncommutative complex algebra End(r(<Sq)) ~ r(End(£'q)). 
Observe that there is a left Z|^-action on the (A^ x A^)-matrix algebra Mjv(C) with complex entries, 
defined by 

(m, n)A := U^Vq-'^AV^Uq'', for every A G Mjv(C), (m, n) G Z%. (5.7) 
There is also a free right Z^-action on given by 

(x, y)(m, n) := (q™x, q"y), for every (x, y) G T^, (m, n) G Z^. 

As before, one can construct the orbit space x^2^ M7v(C) after extending these actions to the 

trivial algebra bundle x M7v(C). It turns out that the endomorphism algebra bundle End(<Sq) is 
isomorphic to this orbit space, and clearly r(End(<?q)) consists of Z^-equivaiiant sections, that is, 

TGr(End(fq)) ifandonlyif T(q™x,q"y) = (m,n)T(x,y), (5.8) 

for every (x, y) G and (m, n) G Z^, where on the right hand side we mean the action (15.71 ). 

On the other hand, it is well known that C°°(T^) can be identified with the algebra of all smooth 
functions on that are 27r-periodic w.r.t. each of their ai^guments. By Fourier expansion C°°(T^) 
consists of all functions 

f = J2 

where {fk,i}{k, i) is any rapidly decreasing sequence of complex numbers, that is, for every r G N, 
the seminorm 

11/11, = sup + + <oo, (5.9) 

and where u = e*^'^*, v = e*^'^* are the coordinate functions on the torus T^. 

It is also well known that the complex matrix algebra M7v(C) is generated as C-algebra by the 
elements Uq, Vq. Thus, Eqs. (15.61 ) and (15.81 ) force any T G r(End(<Sq)) to be of the form 

T = ^ Jk,i{uUo)HvVoy, 

k,l, GZ 

with coefficients {Tkj}z'2 satisfying Eq. (15.91 ). Therefore, there is now a C-algebra isomorphism 

r(End(£:q)) ^ C°°(T2), {{uUo) ^ U, (vVo) ^ V), 

where C°°(Tq) refers to the complex noncommutative 2-torus whose elements ai^e formal power 
Laurent series in U, V with a rapidly decreasing sequence of coefficients (cf. (15.91 )). subject to 
UV = qVU. In conclusion, we have the Morita context (C°°(T2),C°°(T2), r(£:q), r(£:q)*), where in 
addition C°°(T^) and C°°(Tq) are related by the algebra map 

In the next subsection, we will use the Morita context stated above together with Theorems 14.51 
and 14.71 to prove the Morita invariance of both cyclic homology and cohomology from the left Hopf 
algebroid attached to the trivial Lie algebroid of the classical 2-torus, to the associated left Hopf 
algebroid over the noncommutative 2-torus, using the construction performed in Subsection 13.21 
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5.2.4. The cyclic homology for the noncommutative torus. Now we will direct our atten- 
tion on the Morita invariance of the cyclic homology between the trivial Lie algebroid 
(C°°(T2), Derc(C°°(T2))) and its induced left Hopf algebroid (5, VK Q"), where 

i?:=C~(T2), :=Derc(C°°(T2)), S := C°°(t2), P ■.= T{8^), Q:=V{8^Y. (5.10) 

This is possible since K = Derc(C~(T2)) (vector fields on T^) is a free C°°(T2)-module of rank 2, 
which is is a well known result, see, for instance, llZhI Theorem 5.2]. By the general results of ^3.31 
we are able to describe the structure maps of the left C°°(Tq)-Hopf algebroid P^ VK Q'^, 
see (15.101 ). This is a (4 x 4)-matrix left Hopf algebroid M4{VK) whose structure maps are explicitly 
computable from equations (I3.13I )- (I3.16I ). whenever a basis for K is given. Recall furthermore from 
BKowKrl Lemma 5.1] that every right V/iT-module is automatically SaYD if equipped with the trivial 
left coaction (in fact, this is true for every cocommutative left Hopf algebroid). As a corollary of 
Theorems 14. 5 1 and |4.7 [ we obtain 

Corollary 5.3. Let q G with rational argument modulo 2tt, and consider the Lie algebroid (R, K) 
of the complex torus and its induced left Hopf algebroid {VK, R), cf. (15.101 ). Let M be a right VK- 
module and {R, S, P, Q, (p, ip) the Morita context of Eq. (15.101 ). We then have the following natural 
C-vector space isomorphisms 

H.{VK,M) ~ H.(M4{VK),M4{M)), HC.{VK,M) ~ HC.{M4{VK),M4{M)), 
H'{VK,M) ~ H'{M4{VK),M4^{M)), HC'{VK,M) ~ ifC*(M4(V/C), M4(M)), 

where M4{VK) is the (4 x A)-matrix left Hopf algebroid over the noncommutative torus C°°(Tq). 

As a consequence of this corollary, we have by applying BKowKrl Theorem 5.2] (and its dual 
version, cf. BKowPoi Theorem 3.14]): 

Corollary 5.4. In addition to the assumptions of Corollary 15.31 assume that M be R-flat. Then we 
have that 

H.{Mi{VK),M4{M))^H.{K,M), HC.{Mi{VK),MA{M)) ~ ®^^^H.^2^{K,M), 
H'iM^iVK), M4(M)) ~ M ®n a; K, H P' {M^iV K) M^)) - ©fe.mod2 Hi{K, M) 

are natural C-vector space isomorphisms, where H,{K,M) := Tory^^(M, ii), and where HP' 
denotes the periodic cyclic cohomology (see, e.g., IE) §5.1.3]j. 
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